We theoretically investigate the barrier tunneling in the three-dimensional model of the hyperhoneycomb lattice, which is a nodal-line semimetal with a Dirac loop at zero energy. In the presence of a rectangular potential, the scattering amplitudes for different injecting states around the nodal loop are calculated, by using analytical treatments of the effective model, as well as numerical simulations of the tight binding model. In the low energy regime, states with remarkable transmissions are only concentrated in a small range around the loop plane. When the momentum of the injecting electron is coplanar with the nodal loop, nearly perfect transmissions can occur for a large range of injecting azimuthal angles if the potential is not high. For higher potential energies, the transmission shows a resonant oscillation with the potential, but still with peaks being perfect transmissions that do not decay with the potential width. These robust transports of the loop-nodal semimetal can be approximately explained by a momentum dependent Dirac Hamiltonian.
I. INTRODUCTION
It was predicted that a relativistic particle can tunnel through an arbitrarily high and wide potential barrier with large probabilities and can even approach perfect for a high barrier, which is called the Klein paradox [1] [2] [3] [4] . The test of this prediction has been proved impossible using elementary particles [5] but can be experimentally realized in condensed-matter systems, e.g., single layer graphene [6, 7] , where quasiparticles are massless twodimensional (2D) Dirac fermions. In graphene, unoccupied states in valence band behave as holes, like positrons in particle physics. The matching between electron and hole wave functions at potential barrier boundaries results in the Klein tunneling. Subsequently, Klein tunneling has also been widely studied in bilayer graphene [6] [7] [8] , trilayer graphene [9] , multi-layer graphene [10] and Weyl semimetals [11, 12] , showing various interesting properties.
Recently, a family of trigonally connected threedimensional (3D) lattices has been put forward [13] [14] [15] , termed harmonic honeycomb lattices, which are extensions from the structure of graphene lattice. Among them, the simplest structure is the hyperhoneycomb lattice, which has been discussed intensively in magnetism (i.e., Kitaev model [16] ) [17] [18] [19] [20] [21] and superconductivity [22] , and its typical corresponding material is β-Li 2 IrO 3 [23] . The tight-binding model of the hyperhoneycomb lattice is supported by the results of first-principles calculations [14, 24] . In the reciprocal space, the conduction and valance bands of graphene touch at two Dirac points, while those of the hyperhoneycomb lattice cross and form a one-dimensional (1D) Dirac loop. Therefore this hyperhoneycomb lattice is a realization of the loop-nodal semimetal. Near the loop, the energy spectrum is linear with respect to the distance from the loop.
In this paper, we study the barrier tunneling for electronic states of the 3D hyperhoneycomb lattice around the nodal loop . Near the nodal loop, the quasiparticles in the hyperhoneycomb lattice follow a momentum dependent Dirac equation, leading to interesting tunneling behaviors, which are analogous to the Klein tunneling in graphene. When the momentum of the injecting electron is coplanar with the loop, scattering can only happen between states with the same pseudo-spin (see below). In the presence of low barrier, almost perfect transmission can happen for a wide range of injecting azimuthal angles, and does not decay with the increasing of the barrier width. For higher barrier energies, the transmission shows a resonant behavior when the barrier height increases, with the resonance peaks back to unity (perfect transmission). These properties reflect the robust transport capabilities of the loop nodal fermions. When the vector of the injecting momentum is deviating from the loop plane, the transmission will decrease to zero soon. In other words, states capable of remarkable tunneling are extremely concentrated in a small range around the plane of the nodal loop. This is not a remarkable downside because we are only interested in low Fermi energies around the nodal loop. This paper is organized as follows. In Sec. II, we show the model of the hyperhoneycomb lattice based on the tight-binding approximation. In Sec. III, the effective Hamiltonian is used to study the barrier tunneling of quasiparticles near the loop analytically. Sec. IV is devoted to the numerical simulation of tunneling by using the tight binding model. Comparisons with analytical results are also presented. In Sec. V, we summarize results and make conclusions.
II. THE MODEL

FIG. 1: (Color online) (a)
The unit cell of the hyperhoneycomb lattice, with atoms 1,2,3 and red links on the x−z plane, atoms 2,3,4 and green links on the y − z plane, and blue links along the z direction. (b) The Dirac loop (solid black lines) at zero energy in the kx − ky plane with kz = 0. The brown (white) region is the top boundary (middle cross section) of the 3D Brillouin zones, which are truncated octahedrons [13] . The unit cell of hyperhoneycomb lattice [13] [14] [15] is displayed in Fig. 1(a) , with numbers 1-4 labeling the four atoms in the unit cell. The plane formed by atoms 1,2,3 is perpendicular to that formed by atoms 2,3,4. Here, like in graphene, the chemical bonds of any three nearest neighboring atoms make an angle of 120
• , which is called the trigonal connectivity. The corresponding first Brillouin zone (BZ) is a truncated octahedron [13] . The general form of the tight-binding Hamiltonian in the k space can be expressed as k αβ H αβ (k)c
and a is the interatomic distance. For convenience, we set a = 1 and t = 1 as length and energy units respectively throughout this paper. Solving the energy eigenvalue equation HΨ = EΨ for zero energy, one obtains k z = 0 and the relation [15] 4 cos(
the solution of which gives the nodal loop k 0 = (k 0x , k 0y , 0) in the plane k z = 0 and centered around Γ = (0, 0, 0), as depicted in Fig. 1(b) . Fig. 1 (c) and (d) show the lowest two bands around the loop in k x − k y space and in k x − k z space respectively, where one can see the loop line given by Eq. (2). The complete four bands solved from Hamiltonian (1) in given directions are plotted in Fig. 1 (e)(f), with k y = k z = 0, and with k y = 0, k x = 1.522, respectively. In the following, we will investigate the tunneling properties of states around the nodal loop.
III. ANALYTICAL RESULTS FROM THE EFFECTIVE MODEL
In order to focus on the quasiparticle properties near the nodal loop, we adopt a 2×2 effective Hamiltonian which is projected from Hamiltonian (1) to the twocomponent subspace that represents the lowest energy bands around the nodal loop. The effective Hamiltonian can be written as ( = 1 throughout this manuscript) [13] 
where σ i are pseudo-spin Pauli matrices acting on this subspace. The momentum
is measured from a nodal point on the nodal loop k 0 (φ) = k 0x , k 0y , 0 [k 0x and k 0y satisfy Eq. (2)]. The azimuthal angle φ and the polar angle θ are defined in the usual way as
Since the loop is within the k z = 0 plane, the out-of-plane component is simply q z = k z . Due to the 1D nature of the nodal loop, notice that for an unambiguous definition of q in Eq. (4), the reference point k 0 is k dependent and is chosen to be the nodal point k 0 that has the same azimuthal angle φ with k [see Fig.3 (a) ]. Three components of the Fermi velocity, v x , v y , v z in Eq. (3) are also k dependent, and their dependence on the azimuthal angle φ is plotted in Fig.  2 . For a globally smooth definition of (3) throughout the loop region, it is convenient to define
as shown in Fig. 3(a) . For any state point q on these two bands around the loop, in the linear dispersion approximation, the velocity components v i in Eq. (3) can be considered to be the polar angle θ independent [13] . In a nutshell, such a complicated k dependence of the effective Hamiltonian (3) makes rigorous treatments of its scattering problems much more complicated than those in the Dirac systems, where there is only a fixed nodal point. Therefore, further reasonable approximations should be adopted in the following analytical calculations. Let us start from the simplest case, k z = q z = 0, i.e., the states coplanar with the nodal loop. With the substitutions q x(y) → −i∂ x(y) and q z → 0, and the plane wave ansatz for the solution Ψ(x, y) = e i(qxx+qyy) ψ, the eigenvalues of Eq. (3) for k z = 0 are
The corresponding eigenstates are (up to a normalization factor)
With φ varying from 0 to 2π with the conventions in Eq. (6), these two branches of eigenvalues in Eq. (7) cross at E = 0 and reproduce the loop-nodal structure, as illustrated in Fig. 3 . In this sense, we call the set of eigenvalues E n (φ, q) with a definite subscript n a definite "branch". In Fig. 3 , each branch is plotted with the same color (red or blue). In the absence of the q z term in Eq. (3), now an eigenstate of the effective Hamiltonian operator
is also that of the pseudo-spin operator σ x . Namely, a definite branch of eigenstates can be labelled by its pseudo-spin eigenvalue (σ x = +1 or σ x = −1), as illustrated in Fig. 3 . This pseudo-spin plays an important role in discussing the inplane scattering, as will be seen soon. Now consider a cubic barrier with a pseudo-spin independent potential, i.e., in the form of σ 0 V (x), with
and extending infinitely along the y and z directions. We assume that an incident electron with energy E = v x q x + v y q y > 0 (remember q z = 0 so far) is injecting towards this barrier. Since the potential (9) does not break the translation symmetry in y and z directions, k y and k z are conserved throughout the tunneling process. As mentioned above, an analytically rigorous calculation of the scattering problem for Model (3) is technically difficult. However, as will be seen in the next section, even after some very rough approximations, the results still offer good insights qualitatively, and even provide excellent agreements with the numerical simulation for the full tight binding model quantitatively (in most of the parameter space). This fact reflects the robust transport properties of this nodal loop semimetal.
As illustrated in Fig. 3 , for a given Fermi energy E, k y and k z (k z = 0 here), there are four propagating states A, B, C, D on two branches, where A, C are the rightmoving states and B, D the left-moving states. To be spesific, we take A as the incident state. Then the rest three states (with identical k y , k z and E) are those it can be scattered to: B and D serve as the reflection states, and C serves as the transmission state. To simplify the analytical calculations, we will treat these different scattering processes separately in the following. Firstly we take B as the only state onto which the electron can be scattered, i.e., the process A → B. Note that A and B correspond to different φ (but the difference is slight for small energy E around the loop), and therefore correspond to different (but close) reference points k 0 for their effective Hamiltonians respectively, as can be seen in Fig. 3(a) . This makes the problem difficult to solve. To circumvent this obstacle and to concentrate on the dominating physics, we simply ignore this slight difference and introduce the approximation that they belong to the same reference point on the loop. On the other hand, we still require the conservation of momentum in the y direction, i.e., identical q y = 0 for both states. This approximation of unification to a single reference point on the nodal loop is reasonable for the low energy regime. We further assume this to be applicable to the states inside the barrier (with an energy shift V 0 ) as well, as long as the barrier V 0 is low enough. With the full tight binding simulations in section IV, the validity of these approximations will be supported, and how the results deviate for high energy E and high barrier V will also be shown. Now, the wave functions in three regions are approximately given by
where q y has been set to zero, r, t, b, c are coefficients of wave functions, r (t) is the reflection (transmission) coefficient, and q x and p x are the wave vectors measured from the point k 0x outside and inside the barrier region respectively.
Using the continuity of the wave functions at x = 0 and x = d, one can determine the transmission coefficient
and the transmission probability
This result is not surprising since it is just the 1D version of Klein tunneling: with q z = 0 and q y = 0, Eq. (3) is just like the Hamiltonian of a 1D massless Dirac fermion, or, the normal incident channel of the 2D massless Dirac fermion [6, 7, 25, 26] . Therefore electrons can penetrate through the potential barrier without any backscattering, as long as the state is not far from the nodal loop where the above approximations hold. This perfect tunneling has nothing to to with the barrier height nor the angle φ, which is different from the 2D case in graphene [6] . Intuitively, this perfect transmission can be understood as a conservation of the pseudo-spin [7] associated with the Dirac-like Hamiltonian (3): States A and B belong to branches with different pseudo-spins [see Fig. 3 ], so scattering between them is forbidden.
Secondly, we discuss the scattering process A → D. In the reciprocal space, states A and D are well separated and symmetric with respect to the E axis. In the effective Hamiltonians (3) and their eigenstates (8), the wavevectors q for them are defined with respect to different nodal points K 0 and −K 0 respectively, i.e., q A(D) = k ∓ K 0 , where K 0 = (k 0x , k 0y , 0). To unify the notations in a single equation, we can simply express these eigenstates q A(D) ). Since k y is conserved, it only represents an irrelevant constant phase factor and can be neglected in the calculations. Now, the wave functions in three regions are approximately given by
where q y ≈ p y for the momentum conversation and the proper approximation inside the barrier. By matching the wave functions at the barrier boundaries, the resulting transmission is given by
. (13) From Eqs. (12-13), some useful conclusions can be made. If V 0 is small, the values of k x and k ′ x do not differ much, and therefore the transmission probability in Eq. (13) can still approach unity. As can be seen from Eq. (12), the difference k x −k ′ x is proportional to | V0 vx |. When the incident angle φ increases, |v x | decreases (see the red line in Fig. 2 ) and the difference between k x and k ′ x becomes larger, which causes the imperfect transmission. Nevertheless, there still exists the resonance condition for the perfect tunneling T = 1, when k ′ x d = nπ, where n is an integer. By using Eq. (12), this resonance condition can be expressed as
The resonant frequency is related to the barrier width d and the x-component of velocity v x , where v x is a function of the incident angle φ (Fig. 2) . For a given incident angle and a fixed barrier width, the resonant period keeps constant with the increasing of the barrier height V 0 . This feature will be seen from full tight binding numerical simulations in the next section. Thirdly, we turn to the scattering process of transmission from state A to state C. The evaluating of this transmission is even more tricky. For example, besides these two right-going states, at least one reflection state (B or D) should also be accounted in, which will involve too many undetermined coefficients. We adopt the following simple approximations to make this solvable. Still, state A is the incident channel and state D serves as the only reflection channel. Inside the barrier, right-moving state is state A or state C. In the third region x > d, state C is the only transmission channel. Since the states C and D are close in the reciprocal space, we make a further approximation that the wavevector of state C is the same as that of D. Now the wave functions in three regions are roughly written as
where the sign ∓ in the column vector denotes state A and state C respectively. Solving the equations at the barrier boundary, we get the transmission T = 0 for both "−" and "+" cases, which means there is no transmission from state A to state C. This result will also be supported by the numerical simulations in the next section.
The above tunneling processes for an in-plane (k z = 0) injection can be summarized as follows. As illustrated in Fig. 3(b) , the nodal loop is the crossing of two branches of eigenstates at E = 0, a red one and a blue one. As discussed above, these two branches can be characterized by well-defined pseudo-spin orientations: σ x = 1 (σ x = −1) for the red (blue) branch. At a finite incident energy E, the remarkable scattering can only happen between states possessing the same pseudo-spin, for example, A → A (transmission), and A → D (reflection). The scattering processes between different pseudo-spins (e.g., transmission A → C and reflection A → B) are prohibited. This conservation of the pseudo-spin relies on two facts: (i) the eigenstates of the Hamiltonian are also the eigenstates of the one of the pseudo-spin operator σ x due to the absence of σ z term; (ii) the barrier potential (9) is independent of the pseudo-spin, and thus does not flip the pseudo-spin. Similar pseudo-spins related scattering can also be seen in Dirac type systems [6, 11] .
The discussions above are limited within the case of k z = 0. Here we will take finite k z = q z into account. Now the eigenvalues of Eq. (3) are
The corresponding wave functions are
where In the presence of the massive term v z (φ)q z σ z in the Hamiltonian, the 2D bands E 1(2) (k x , k y , k z = const) open a gap, which is proportional to q z = k z , as illustrated in Fig. 4 . This leads to two consequences.
The first consequence is quite direct: if we are only interested in the low energy region, then |k z | (or |θ − 90
• |) should be limited to be small. Otherwise, the Fermi energy E will lie in the gap and there will be no states available, as illustrated in Fig. 4(b) . The second consequence is more subtle: the presence of the finite mass makes the orientation of the pseudo-spin σ x , σ z precess with q for each branch of eigenstates. As a result, remarkable scattering can happen between two branches, since their pseudo-spins are not exactly antiparallel any more [7, 25, 26] . This is similar to the appearance of backscattering in graphene with a finite gap (massive Dirac fermion) [6] .
As indicated in Fig. 4(a) , we still use letters A − D to label those four states with the same k y , k z and E. For simplicity, we only calculate the first case where A and B serve as the propagating states, when q y = 0. The wave functions in three regions are approximately given by
q y = 0 and q z = k z are conserved in the process of tunneling, q x , p x are defined as
and
Using the method of transfer matrix [11] , we obtain the transmission probability
where
When k z = 0, we have α 1 = α 2 = 0, β 1 = ±1, β 2 = ±1, and T = 1, which is the case discussed in Eq. (11) . When k z = 0, the values α 1 = α 2 , β 1 = ±1, β 2 = ±1, and the transmission probability T declines. Nevertheless, there still exists the resonance condition of perfect tunneling T = 1:
which we will see in the following numerical results (resonance peaks in Fig. 8 ).
IV. NUMERICAL RESULTS FROM THE TIGHT BINDING MODEL
In this section, we will perform numerical simulations on the quantum transport through the barrier based on the full tight-binding model, Eq. (1). We still consider that a cubic potential described by Eq. (9) is embedded in an infinite 3D hyperhoneycomb lattice, and that the electron is injecting from the left of the barrier (thus with v x > 0). As before, such a potential only permits scattering among states with identical k y and k z (e.g., states A to D illustrated in Fig. 5 ), due to the momentum conservation in these two directions. In other words, the original barrier transmission problem in 3D can be safely decomposed into that of independent 1D transmission models, where each 1D model is characterized by a pair of parameters (k y , k z ) [9] . By using the well-developed numerical mode-matching methods for tight-binding models [27, 28] , we can directly calculate the mode-resolved scattering amplitude T mn from state n to m.
Let us still start from the simple case k z = 0. In Fig.  6 , we plot the state resolved scattering amplitudes T mn through the barrier with height V 0 = 0.2, as functions of the incident azimuthal angle φ = arctan(k y /k x ), with a constant incident polar angle θ = 90
• (i.e., k z = 0) and a constant incident energy E = 0.1. The first (second) row is the results for an incident state C (A) on the red (blue) branch [see Fig. 5 ], respectively. Let us first concentrate on the first row, T mC with the incident state C. The most remarkable feature is that both inter-branch scattering processes, the transmission T AC [ Fig. 6(a2) ] and the reflection T DC [ Fig. 6(a3) ], are identically zero. These results are consistent with the first and the third cases of discussions in last section. As a consequence, there only exist the intra-branch reflection T BC and the intra-branch transmission T CC , corresponding to the second case in last section. For comparison, we also plot the transmission from analytical calculation, Eq. (13), in Fig. 6(a1') . One can see good agreement between (a1) and (a1') in Fig. 6 . The disagreement at large incident angle can be attributed to the deviation of the analytical approximation. Similar agreements with analytical results can also be seen for an injecting electron with state A, as shown in Fig. 6 (b1) and (b1').
In Fig. 6 (a1) and (b1), for both incident electrons from state C and state A, the transmission is practically perfect for a large range of angels near normal incidence 0
• . The imperfect transmissions at large incident angles have been explained by using Eq. (13) in Sec. III, which also gives the oscillations because k x and k ′ x are closely related to k y , i.e., the angle φ.
For the incidence from state A [ Fig. 6(b1-b4) ], a remarkable feature is that beyond a critical angle, the electron will be completely reflected. This is also a consequence of pseudo-spin conservation in the process of scattering, which is demonstrated in Fig. 5(b) . For the injecting state A, it is on the outer circle, or, on the blue branch with pseudo-spin σ x = −1 [left panel of Fig.5 (b) ]. In the barrier region, the electron has to be scattered onto states with the same E, k y and σ x = −1. Due to the energy shift V 0 > 0 from the barrier potential in this region, these states (blue branch with σ x = −1) are on the inner circle now [middle panel of Fig.5 (b) ]. Therefore, when the injecting angle φ of state A is large enough on the outer circle, the corresponding k y in the barrier region will exceed the radius of the inner circle and there will be no states for the electron to be scattered onto. As a result, the injecting electron has to be completely reflected back. From Fig. 5 , it can be seen that with a higher barrier potential V 0 , the inner circle in the barrier region [the middle panel of Fig. 5(b) ] will be smaller, which leads to a narrower region of φ that can transport state A. This will be seen in Fig. 7(a2) in the following. For an incidence from state C (on the red branch with σ x = +1), on the other hand, it is a scattering process from an inner circle to an outer circle, so there will always be states in the barrier region to carry the electron, as shown in Fig. 5(b) and Fig. 7(a1) .
The total transmission probabilities T n ≡ m T mn (where m, n ∈ {A, C}) for a given state n are shown in Fig. 7 . In the φ − V 0 contours in Fig. 7(a) , two features have been observed in Fig. 6 and discussed above: almost perfect transmission ( T ∼ 1 with red color) for both states around small φ and V 0 , and complete reflections (T = 0 with blue color) for state A at large φ. Besides these, another prominent feature is oscillating resonances along the direction of V 0 , which can also be seen in Fig. 7(b) . Most behaviors of these resonances are well consistent with the analytical predictions from the effective model in Section III. During each oscillating period, the maximum total transmissions always recover to unity, as predicted from Eq. (13) in Section III. This reflects the robust nature of the nodal-line semimetals. In the small V 0 limit, the oscillating period is nearly independent of V 0 , consistent with Eq. (14) . This equation also predicts that the resonance period should be inversely proportional to the barrier width d, which can be verified by comparing the blue and red curves in Fig.  7 (b), corresponding to d = 100 √ 3/2 and d = 20 √ 3/2 respectively. The resonant oscillations of the transmission survive until a sudden drop to zero at large V 0 . This is a trivial consequence of the termination of the carrier band (completely out of the range of all bands or encountering another band with opposite pseudo-spin) due to the energy shift V 0 in the barrier region, as can be seen by comparing Fig. 7 (b) with the energy band structure in Fig. 1(e) .
In Fig. 7(c) , the effect from the barrier width d at normal incidence offers another striking evidence of the extremely robust transport: the transmissions remain perfect (except small fluctuations around 1%) even after traversing a barrier range of hundreds of lattice constants. This is similar to the case of single layer graphene (2D Dirac fermion), but drastically contrary to the cases of bilayer graphene or a non-chiral zero-gap semiconductor [6] .
So far in this section, the injecting momentum has been limited to the case of θ = 90
• , i.e., the in-plane injection with k z = k cos(θ) = 0. Now we investigate the θ-dependence of barrier tunneling around this loop plane. As predicted in last section, there will be two important features in this case: (i) Remarkable transmission can only happen for small |θ − 90
• | due to the band structure [see Fig. 4(b) ]; (ii) The scattering process prohibited in the in-plane case may happen since their pseudo-spin orientations are not antiparallel. In Fig. 8(b) , we plot the θ dependence of scattering amplitudes among states as labelled in Fig. 8(a) , with constant φ = 0. Indeed, nonzero transmissions or reflections only appear in a very small range of normal incidence: i.e., with θ (less than ±3
• ). This feature is also manifested in Fig. 8(c) , the total transmissions' dependence on φ and θ. Notice the θ scales in the first and the third panels of in Fig. 8(b) [and also in Fig. 8(c) ] have been extremely enlarged to stress the details. Apart from zero angle, the electronic transmissions decay rapidly with fast oscillations, and the electron is reflected as i.e., C → D and A → B. These reflections cannot happen in the case of in-plane injection as shown in Fig. 6 , since they are on different branches there. In Fig. 8(c) , the transmissions have a resonant behavior in the direction of φ, which has been predicted in Eq. (18) in last section.
VII. SUMMARY
In summary, we investigated the barrier tunneling of the loop-nodal semimetal in a hyperhoneycomb lattice by using both analytical and numerical methods. In the case of in-plane incidence (the momentum of the injecting electron in the plane of the loop), most of the scattering behavior for the states near the loop can be understood in the regime of a Klein-type tunneling of a momentum dependent massless 1D Dirac model. In the presence of a low barrier potential, the electron can be almost perfectly transmitted through the rectangular barrier over a wide range of the incident azimuthal angle φ. When the angle continues to increase, the transmission shows a resonant behavior with respect to the potential height or the angle, with the peak back to perfect transmission almost independent of the barrier width. When the transmission is not perfect, the electrons can only be reflected to the states on the same branch, due to the exact parallel or antiparallel of the corresponding pseudo-spins.
On the other hand, only a small portion of out-of-plane incidents contribute to the transmission, which are limited within a narrow range of the polar angle θ, due to the absence of available states along otherwise directions. Furthermore, in the presence of a mass term, the pseudospins between states are not exactly parallel or antiparallel, the reflections will happen between states with different branches, which is called chiral scattering.
